\

VA\
/) \

/

e

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS

a
\

/,//' A\

/,

y i
=\
(

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS

2

OF

3

A

OF

Downloaded from rsta.royalsocietypublishing.org

TRANSé(FZTIONS SOCIETY

PHILOSOPHICAL THE ROYAL

On the Propagation of Tremors over the Surface of an Elastic
Solid

Horace Lamb

Phil. Trans. R. Soc. Lond. A 1904 203, 1-42
doi: 10.1098/rsta.1904.0013

Email alerting service Receive free email alerts when new articles cite this article - sign up in the box at the top right-hand
corner of the article or click here

To subscribe to Phil. Trans. R. Soc. Lond. A go to: http://rsta.royalsocietypublishing.org/subscriptions

This journal is © 1904 The Royal Society


http://rsta.royalsocietypublishing.org/cgi/alerts/ctalert?alertType=citedby&addAlert=cited_by&saveAlert=no&cited_by_criteria_resid=roypta;203/359-371/1&return_type=article&return_url=http://rsta.royalsocietypublishing.org/content/203/359-371/1.full.pdf
http://rsta.royalsocietypublishing.org/subscriptions
http://rsta.royalsocietypublishing.org/

N

a
A
ma \

A A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

/s \
JA \
Y o

S

a

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

PHTLOSOPHICAL TRANSACTIONS.

L. On the Propagation of Tremors over the Surface of an Elastic Solid.

By Horace Lams, F.R.S.
Received June 11,—Read June 11,—Revised October 28, 1903.

INTRODUCTION.

13

1. Tris paper treats of the propagation of vibrations over the surface of a *“semi-
infinite ” isotropic elastic solid, 7.c., a solid bounded only by a plane. For purposes
of description this plane may be conceived as horizontal, and the solid as lying below
it, although gravity is not specially taken into account.*

The vibrations are supposed due to an arbitrary application of force at a point. In
the problem most fully discussed this force consists of an impulse applied vertically to
the surface ; but some other cases, including that of an internal source of disturbance,
are also (more briefly) considered. Owing to the complexity of the problem, it has
been thought best to concentrate attention on the vibrations as they manifest
themselves at the free surface. The modifications which the latter introduces into
the character of the waves propagated into the interior of the solid are accordingly
not examined minutely.

The investigation may perhaps claim some interest on theoretical grounds, and
also in relation to the phenomena of earthquakes. Writers on seismology have
naturally endeavoured from time to time to interpret the phenomena, at all events in
their broader features, by the light of elastic theory. Most of these attempts have
been based on the laws of wave-propagation in an unlimited medium, as developed
by GrEEN and SToxEs ; but Lord Ravreien’s discovery T of a special type of surface-
waves has made it evident that the influence of the free surface in modifying the
character of the vibrations is more definite and more serious than had been suspected.
The present memoir seeks to take a further step in the adaptation of theory
to actual conditions, by investigating cases of jforced waves, and by abandoning
(ultimately) the restriction to simple-harmonic vibrations. Although the circum-
stances of actual earthquakes must differ greatly from the highly idealized state of

- * Professor BRoMWICH has shown (¢Proc. Lond. Math. Soc.,” vol. 30, p. 98 (1898)) that in such
problems as are here considered the effect of gravity is, from a practical point of view, unimportant.
T ¢Proc. Lond. Math. Soc.,” vol. 17, p. 4 (1885) ; ¢ Scientific Papers,’ vol. 2, p. 441.
VOL. CCIIL—A 359. B 6.1.04
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2 PROFESSOR HORACE LAMB ON THE PROPAGATION OF

things which we are obliged to assume as a basis of calculation, it is hoped that the
solution of the problems here considered may not be altogether irrelevant.

It is found that the surface disturbance produced by a single impulse of short
duration may be analysed roughly into two parts, which we may distinguish as the
“minor tremor” and the *“main shock,” respectively. The minor tremor sets in
at any place, with some abruptness, after an interval equal to the time which
a wave of longitudinal displacement would take to traverse the distance from the
source. Except for certain marked features at the inception, and again (to a lesser
extent) at an epoch corresponding to that of direct arrival of transversal waves, it
may be described, in general terms, as consisting of a long undulation leading up to
the main shock, and dying out gradually after this has passed. lts time-scale is
more and more protracted, and its amplitude is more and more diminished, the
greater the distance from the source. The main shock, on the other hand, is pro-
pagated as a solitary wave (with one maximum and one minimum, in both the
horizontal and vertical displacements) ; its time-scale is constant ; and its amplitude
diminishes only in accordance with the usual law of annular divergence, so that its
total energy is maintained undiminished. Its velocity is that of free Rayleigh waves,
and is accordingly somewhat less than that of waves of transversal displacement in
an unlimited medium.*

The paper includes a number of subsidiary results. It is convenient to begin by
attacking the problems in their two-dimensional form, calculating (for instance) the
effect of a pressure applied uniformly along a line of the surface. The interpretation
of the results is then comparatively simple, and it is found that a good deal of
the analysis can be utilized afterwards for the three-dimensional cases. Again, the
investigation of the effects of a simple-harmonic source of disturbance is a natural
preliminary to that of a source varying according to an arbitrary law.

Incidentally, new solutions are given of the well-known problems where a periodic
force acts transversely to a line, or at a point, in an unlimited solid. These serve, to
some extent, as tests of the analytical method, which presents some features of
intricacy.

2. A few preliminary formulee and conventions as to notation may be put in
evidence at the outset, for convenience of reference.

The usual notation of BrssEL's Functions  of the first kind ” is naturally adhered to ;
thus we write : '

O [(iw
To(@) = 2[eos (Leosw)do . . . . . ... ().
KU

% Compare the concluding passage of Lord RAVLEIGH'S paper :

“Tt is not improbable that the surface-waves here investigated play an important part in earthquakes,
and in the collision of elastic solids. Diverging in two dimensions only, they must acquire at a great
distance from the source a continually increasing preponderance.”

The calculations indicate that the preponderance is much greater than would be inferred from a mere
comparison of the ordinary laws of two-dimensional and three-dimensional divergence.
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TREMORS OVER THE SURFACE OF AN ELASTIC SOLID. 3

By a known theorem we have also

x

J()(C)zzjsim(lcoshu}du. e e e (2),
mJo

provided  be real and positive. For our present purpose it is convenient to follow
H. WeBER* in adopting as the standard function “of the second kind”

el

K0(§)=%j_cos((,coshu)du. s (8):

It is further necessary to have a special symbol for that combination of the two
functions (2) and (3) which is appropriate to the representation of a diverging wave-
system ; we write, after Lord RavieiGH,t

’ ] _2 - —igcoshu J. 4"
Do(g)_ﬂjoe du. ..o (4,
so that
Do) =K, () —edo(&). - . . . . . . . ()
We shall also write, in accordance with the usual conventions,
J () ==, K ({)=—=K,({), D(l)=—=D,o(l) . . (6).
For large values of { we have the asymptotic expansion
=A/2 ,—i<§+%n){ _ 2.3
DO(Z)_/\/F{.(/ A RO

In the two-dimensional problems of this paper we shall have to deal with a
number of solutions of the equation

0*¢ | % or /
o T 3y +hp=0 . . . . . . . . . (8),
constructed from the type
p=Aevet . L (9),
where £ is real, and
a=/(=n), or =u /(WP —=¢&). . . . . . (10),

* ¢ Part. Diff-Gleichungen d. math. Physik,” Brunswick, 1899-1901, vol. 1, p. 175. HEINE (‘ Kugel-
functionen,” Berlin, 1878-1881, vol. 1, p. 185) omits the factor 2/r. In terms of the more usual
notation,

Ko =2 {= Yo+ (log2 ~ 1) Jo},

where y is HULER’S constant. The function JwK, has been tabulated (see J. H. MicHELL, ¢ Phil. Mag.,’
Jan., 1898).

1 ¢ Phil. Mag. vol. 43, p. 259 (1897); ¢Scientific Papers,” vol. 4, p. 283. I have introduced the
factor 2/m, and reversed the sign,

B 2
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4 PROFESSOR HORACE LAMB ON THE PROPAGATION OF

according as &2 Z A*, the radicals being taken positively. In particular, we shall
meet with the solution

1 (7 e~wedd 2 (" e “eos &x d .
9[’:"7{[_«; | f.——...,f grde Ay

o L) o ’

and it is important to recognize that this is identical with D, (hr), where
r= /(" +y%). To see this, we remark that ¢, as given by (11), is an even
function of «, and that for & = 0 it assumes the form

9 er e dE 2 r iV Cl’r)
= —3 = - e Lo 12),
qS T )0 o w Jo V/(h'% - 772) ( )

by the method of contour-integration.® This is obviously equal to D (hy). Again,
the mean value of any function ¢ which satisfies (8), taken round the circumference
of a circle of radius » which does not enclose any singularities, is known to be equal
to Jy(kr).d,, where ¢, is the value at the centre.t We can therefore adapt an
argument of Tmomson and Tarr} to show that a solution of (8) which has no
singularities in the region y > 0, and is symmetrical with respect to the axis of v, is
determined by its values at points of this axis. We have, accordingly,

e I )
T o

o

Again, in some three-dimensional problems where there is symmetry about the
axis of 2, we have to do with solutions of

P Tb P ey »
S R L B (X
based on the type
dp=Aec“J (éw) . . . . . . . . . (1D),
where = = /(2* -+ #%), and « is defined as in (10). In particular, we have the
solution
= [ Iy (ém) EdE
qs_[e £ R S 1))

which (again) reduces to a known function. At points on the axis of symmetry
(w = 0) it takes the form

¢__=j:€:°,‘?§.9l§=rewda:@'m S an.

ih Z

* If we equate severally the real and imaginary parts in the second and third members of (12), we
reproduce known results.

1 H. WEBER, ¢ Math. Ann.,” vol. 1 (1868),

1 ¢ Natural Philosophy,” §498.
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TREMORS OVER THE SURFACE OF AN ELASTIC SOLID. 5

Since the mean value of a function ¢ which satisfies (14), taken over the surface of
a sphere of radius  not enclosing any singularities, is equal to

sin Ar
b P

where ¢, is the value at the centre,* the argument already borrowed from Tromsox
and TA1T enables us to assert that

o _ r_ej_‘iﬁg@?)éifﬁ Y (A
0

r o

where

r= (o ) = R )

Finally, we shall require Fourier’s Theorem in the form

Floy= ] dg| peyessan. o (19

and the analogous formula
Flo) =] o) e FOIT (N . L (20)
As particular cases, if in (19) we have f(x) = 1 for 27 < ¢*, and = 0 for «* > o?, then
o) = L[ sIn€e e g 2 [Tsinéa e e .
f(as).._wj_co PR ds_ﬂ_jo Y cos éxdé . . . . (21);

and, it in (20) f(»=) =1 for = < a, and = 0 for = > a, then

S@)=a] JoE=)d () dE L (22)

These are of course well-known results.||

* H. WEBER, ‘ Crelle,” vol. 69 (1868).
7 If in (18) we put z = 0, and then equate separately the real and imaginary parts, we deduce

‘:JO (¢ cosh w) cosh u du = _c_-_os_'__(,

¢

» .
. Jo (¢ sin w) sin u du = §_11‘:_€

These are known results. Cf. RAYLEIGH, ¢ Scientific Papers,” vol. 3, pp. 46, 98 (1888) ; HossoN, ¢ Proc.
Lond. Math. Soc.,” vol. 25, p. 71 (1893) ; and SoNINE, ¢ Math. Ann.,’ vol. 16).

i H. WEBER, ¢ Part. Diff.-Gl. etc.,” vol. 2, p. 190. Since A occurs here and in (20) only as an inter-
mediate variable, no confusion is likely to be caused by its subsequent use to denote an elastic constant.

§ H. WEBER, ‘Part. Diff.-Gl. ete.,” vol. 1, p. 193.

| It may be noticed that if in (20) we put f (=) = ¢~*@ /=, we reproduce formulee given in the foot-note f
above.


http://rsta.royalsocietypublishing.org/

A

\

A
ya

/

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

\

J;/i

A\

/

/,

THE ROYAL /
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

6 PROFESSOR HORACE LAMB ON THE PROPAGATION OF

PART L
Two-DiMENSTONAL PRrROBLEMS.

3. The equations of motion of an isotropic elastic solid in two dimensions (x, y) are

0% oA N 0% 0A 9 o
== “ - o ) . 23),
Pag N4 ) e + pVA, P o (N 4 p) By + Vo (23),

where 2, v are the component displacements, p is the density, A, u are the elastic
constants of Lame, and

ou , ov ‘
A_._,é}i—}—égﬂ C s (24).

These equations are satisfied by

—0p o) _ ¢ _ oY 95) %
w=a + 3y’ V= oy de (25),
provided
Pp _ N+ 2p oo Y g 9¢
az(f ‘p Vol =V (@)

In the case of simple-harmonic motion, the time-factor being e, the latter
equations take the forms

(V) =0, (V+B)y=0 . . . . . . (27),
where

s PP e ge PP e 9

h-—-)\+2# P,k p Pt (28),

the symbols a, b denoting (as generally in this paper) the wave-slownesses,T v.e., the

reciprocals of the wave-velocities, corresponding to the irrotational and equivoluminal
types of disturbance respectively.
The formulee (25) now give, for the component stresses,

Per = X O pph— 20 g T

i —,LA+28$C_— B 28;1/24—28%8?/

Poy 00 Oy P a0 , 9
w  ox ay_zamay i 2’8:)09 C (29
2 NS CR P Y R SR

" MA+28ym ke Zax2 anay

* GRrEEN, ¢ Camb. Trans.,” vol. 6 (1838); ¢ Math. Papers,” p. 261.
T "The introduction of special symbols for wave-slownesses rather than for wave-velocities is prompted by
analytical considerations, The term ‘ wave-slowness ” is accredited in Optics by Sir W. R. HAMILTON.
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TREMORS OVER THE SURFACE OF AN ELASTIC SOLID. 7

In the applications which we have in view, the vibrations of the solid are supposed
due to prescribed forces acting at or near the plane = 0. We therefore assume as
a typical solution of (27), applicable to the region » > 0,

¢ = Acwets, = Be P . . . . . (30),

where & is real, and «, B are the positive real, or positive imaginary,* quantities
determined by

==, Br=&-~-1 . . . . . . . (31
For the region y < 0, the corresponding assumption would be
¢ = Aewet, o =DBePer . . . . . . . (32).

The time-factor is here (and often in the sequel) temporarily omitted.
The expressions (30), when substituted in (25) and (29), give for the displacements
and stresses at the plane y = 0

uy = (1EA — BB) e, vy = (— ah —iEB)e™ . . . . (33),

[Py = b {— 2iénA + (26° — ) B} E}

and

34).
[Pyl = w {26 — I?) A + 2i¢BB} ¢ (34)

The forms corresponding to (32) would be obtained by affixing accents to A and B,
and reversing the signs of «, B.

4. In order to illustrate, and at the same time test, our method, it is convenient to
begin with the solution of a known problem, viz., where a periodic force acts
transversally on a line of matter, in an unlimited elastic solid.

Let us imagine, in the first instance, that an extraneous force of amount Y per
unit area acts parallel to  on a thin stratum coincident with the plane y = 0. The
normal stress will then be discontinuous at this plane, viz.,

[owhevo = [ Pulyeo= =Y . . . . . . (3)),
whilst the tangential stress is continuous. These conditions give, by (34),

9 __ 12 — A ; . /:__.Y_
(28 — 1) (A — AY) + 2i¢8 (B + B) o SO

— 2ita(A+ A) + (28 — ) (B=B) =0

Again, the continuity of » and » requires
5

iE(A—A)—B(B+B)=0 )
a(A—|—A')+z’§(B—B’)=O}' '

* This convention should be carefully attended to; it runs throughout the paper.
+ RaYLEIGH, ¢ Theory of Sound,” 2nd ed., § 376.
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8 PROFESSOR HORACE TAMB ON THE PROPAGATION OF
Hence
Y €Y
A = A = , BB =25, . . . 38
2y B2k (38)

Y " Y € )
=- e = SR o (89).
To pass to the case of an extraneous force @ concentrated on the line =0, y = 0,
we make use of (19). Assuming that the f(A) of this formula vanishes for all but
infinitesimal values of \, for which it becomes infinite in such a way that

J_rom=aq

we write, in (39), Y = Q d&/2m, and integrate with respect to & from — o to + o F
We thus obtain, for y > 0,

Q T )it @Q g” ge*‘ﬁi/eiéx dg:
= 0Tt R ER ) . 40).
¢ 4l .{_w eTretdg, drkPp ) o B (40),

or, on reference to (13),

J 0 0 1
b=—-2 0p ), §= 4& DDk (),
where » = /(2* + 9?).
If we put @ = rcos b, y = rsin 0, we find from (25), on inserting the time-factor,
that for large values of # the radial and transverse displacements ave

Ly Q- 2 g g |

o + raf 4 (N -+ 2up) ahr © s {\ (42)
e e ,

waqun —— QEI_} — -Q . 2« . (1/":(]”'—]""1“7%7") cos [} t

rof  or  4up wkr J

respectively.t Use has here been made of (7).
A simple expression can be obtained for the rate (W, say) at which the extraneous

* The indeterminateness of the formula (19) in this case may be evaded by supposing, in the first
instance, that the force Q, instead of being concentrated on the line 2=0, is uniformly distributed over
the portion of the plane 7= 0 lying between z= +a. It appears from (21) that we should then have

_Q sinfa ;.
o’ fa e
If we finally make a=0 we obtain the results (40).

t The second of these results is equivalent to that given by Ravimiem, loc. cif., for the case of

incompressibility (A = e ).
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TREMORS OVER THE SURFACE OF AN ELASTIC SOLID. 9

force does work in generating the cylindrical waves which travel outwards from the
source of disturbance. The formulse (40) give, for the value of ov/ot at the origin,

Oy _ 1pQe? (7 (€ >
ﬁg_4wk2/Lf~ \,3 eldé .. . . . . . (43).

This expression is really inﬁnite; but we are only concerned with the part of it in the
same phase with the force,* which is finite. Taking this alone, we have

ooy _ pQACLEEdE 2 g2 }._ re g2y P
o = et i gy L0 = e p= (04 ) st - (44)

Discarding imaginary parts, we find that the mean rate, per unit length of the axis
of z, at which a force () cos p¢ does work is

- PP A43p o
W _<1 +lc2> 16 = 16#()\_!_2”)23(2 N €1

5. We may proceed to the case of a “semi-infinite” elastic solid, bounded (say)
by the plane y = 0, and lying on the positive side of this plane. We examine, in
the first place, the effect of given periodic forces applied to the boundary.

As a typical distribution of normal force, we take

[(Po=0, [pylo=Ye™. . . . . . . . (46),

~ the factor ¢ being as usual understood. The constants A, B in (30) are determined
by means of (34), viz. :

— %ifaA + (28 — ) B = 0,

(47).
(26 — 1) A + 268B = V. )
I.L
Hence
28—k Y 2én Y
A==5 S, B=S2000 0 00 L L (48),
FE W PTRE u (“9)
where, for shortness,
FE)=28 =B =4 . . . . . . . (49).
We shall find it convenient, presently, to write also
FE) =8 —BP+a8aB. . . . . . . . (50)

* The awkwardness is evaded if (as in a previous instance) we distribute the force uniformly over a length
2a of the axis of #. This will introduce a factor (%@) under the integral signs in the second
member of (44).

VOL. CCIIL—A., c
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10 PROFESSOR HORACE LAMB ON THE PROPAGATION OF
The surface-values of the displacements are now given by (33), viz. :

iE (28 — 1 — 2aB) 6 Y

Uy = -5 . )
’ F (&) o
> (51).
o __ Faet Y l
IRNC J
The effect of a concentrated force € acting parallel to y at points of the line
=0, y=0 is deduced, as before, by writing Y = — Qd¢/2m, and integrating
from — o to oo ; thus
v = — r 5(252 — k* — 2af3) e d¢ ]
’ 2 ) F(£) :
3} . e e . (52)
o= — Q J‘ Pact d€ [
0 2ap e F (€) J

In a similar manner, corresponding to the tangential surface forces:

| [palo=Xet, [pyli=0. . . . . . . . (53),
we should find
' X 28— X
A= 288 X p_ 2800 X gy
FE) FE) 54
And, for the effect of a concentrated force P acting parallel to « at the origin,

— _ P (7 BBe* dE
O oy L» F(¢) - Wi (55)

P j £ (282 — 12 — 2af) ¢t dE | %
2 ) - F(£) J

The comparison of u, in (52) with v, in (55) gwes an example of the general
principle of reciprocity.®

We may also consider the case of an infernal source of disturbance, resident
(say) in the line 2 =0, y = = f, the boundary y == 0 being now entirely free. The
simplest type of source is one which would produce symmetrical radial motion (in
two dimensions) in an unlimited solid, say

d=Dy(lr), $v=0. . . . . . . . . (56),
where r, = \/{2* + (y — f)?*}, denotes distance from the source. If we superpose on
this an equal source in the line © = 0, ¥y = — f, we obtain

¢ =Dy (hr) 4+ Dy (), $=0 . . . . . . . (57),

* RAYLEIGH, ¢ Theory of Sound,’ vol. 1, § 108.
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TREMORS OVER THE SURFACE OF AN ELASTIC SOLID. 11

where v = /{x* + (y + f)*}. It is evident, without calculation, that the condition
of zero tangential stress at the plane y = 0 is already satisfied; the normal stress,
however, does not vanish. It appears from (13) that in the neighbourhood of the
plane y = 0 the preceding value of ¢ is equivalent to

1™ esw=1 gits 1 (2 e-sl+n gite ]
qS = - J’ S _g + . ( P f
T o T oo o
= 2[ cosh ay e~e®dE . . . . . . . . . (58)
T J— o

Substituting in (29) we find that this makes
o (" 28— K
[palo=0, [pdo=22[ 2= Foveeag - (o),

Comparing with (46), we see that the desired condition of zero stress on the
boundary will be fulfilled, provided we superpose on (57) the solution obtained from
(30) and (48) by putting

‘and afterwards integrating with respect to ¢ from — o to ow. The surface-
displacements corresponding to this auxiliary solution are obtained from (51), and if
we Incorporate the part of u, due to (58), we find, after a slight reduction,

R
i S e TGN |
. (60).
o <[ OE =B s [
o T V- F(f) J

- These calculations might be greatly extended. For example, it would be easy,
with the help of Art. 4, to work out the case where a vertical or a horizontal periodic
force acts on an internal line parallel to z. And, by means of the reciprocal theorem
already adverted to, we could infer the horizontal or vertical displacement at an
internal point due to a given localized surface force.

6. It remains to interpret, as far as possible, the definite integrals which occur in
the expressions we have obtained. ,

It is to be remarked, in the first place, that the integrals, as they stand, are to a
certain extent indeterminate, owing to the vanishing of the function F (&) for certain
real values of & It is otherwise evident @ prior: that on a particular solution of any
of our problems we can superpose a system of free surface waves having the wave-
length proper to the imposed period 27/p. The theory of such waves has been given

¢ 2
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12 PROFESSOR HORACE LAMB ON THE PROPAGATION OF

by Lord Raveerem,* and is moreover necessarily contained implicitly in our
analysis.
Thus, if we put Y = 0 in (47), we find that the conditions of zero surface-stress are
satisfied, provided )
A:B=2"—=F: 2k = — 2B : 2> — K> . . . . (61),

where « is a root of F (£) = 0, and e, 8,, denote the corresponding values of o, 8,
Now, in the notation of (49) and (50),

F(€) £(€) = (26 — I — 16 (€ — I7) (¢ — I¥) &

—wl1—gt EETOAY- ~__7?f2>§“}
= I {1 bk§+(24 16162)]6@ 16<J. ) - (62)

\

Equating this to zero, we have a cubic in £*/k, and since A% > 1% it is plain that
there is a real root between 1 and o«. It may also be shown without much difficulty
that the remaining roots, when real, lie between 0 and A?/k% The former root makes
a, B real and positive, and therefore cannot make f(£) = 0. The latter roots make
a, B positive imaginaries, and therefore cannot make I (§) = 0. This latter
equation has accordingly only two real roots § = -+ «, where « > L.

Thus, in the case of incompressibility (A = o, & = 0) it is found that

k/k = 104678 ...,

and that the remaining roots of (62) are complex.t On Poisson’s hypothesis as to
the relation between the elastic constants (A = p, 4% = 4£?%), the roots of (62) are all

real, viz., they are
=15 13—3), 13+3)
k=% /(34 4/3) = 1087664...;

this will usually be taken as the standard case for purposes of numerical illustration.
In analogy with (28), it will be convenient to write

so that

K=pe . . . . . . . .. .. (63),

where ¢ denotes the wave-slowness of the Rayleigh waves. The corresponding

C~1:,19.Z)—1 :Z/\/‘Ub
K K P

According as we suppose X = o, or A = p, this is 9553 times, or ‘9194 times, the

wave-velocity is

velocity of propagation of plane transverse waves in an unlimited solid.
The further properties of free Rayleich waves are contained in the formule (61)

* ¢Proc. Lond. Math. Soc.,” vol. 17 (1885); ¢Scientific Papers,” vol. 2, p. 441.
T Cf. RavreieH (loc. cit.), where it is also shown (virtually) that they ave roots of f (£), not of F (§), if
@, 3 be chosen o0 as to have their real parts positive.
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TREMORS OVER THE SURFACE OF AN ELASTIC SOLID. 13

and (30). We merely note, for purposes of reference, that if in (33) we put & = + «,
and accordingly, from (61),
A=02=1)C, B=42keC . . . . . . (64),

we ohtain by superposition a system of standing waves in which
Uy = = 21 (2% = k* — 20, 8,) Csin wx . ?!, v, = 2%, Ccoskx. ¥ . (65).

The theory here recapitulated indicates the method to be pursued in treating the
definite integrals of Art. 5. We fix our attention, in the first instance, on their
“principal values,” in CAUCHY's sense, and afterwards superpose such a system of free
Rayleigh waves as will make the final result consist solely of waves travelling
outwards from the origin of disturbance.

It may be remarked that an alternative procedure is possible, in which even
temporary indeterminateness is avoided. This consists in inserting in the equations
of motion (23) frictional terms proportional to the velocities, and finally making the
coefficients of these terms vanish. This method has some advantages, especially as
regards the positions of the “singular points” to be referred to. The chief problem
of this paper was, in fact, first worked through in this manner; but as the method
seemed rather troublesome to expound as regards some points of detail, it was
abandoned in favour of that explained above.

7. The most important case, and the one here chiefly considered, is that ot a
concentrated vertical force applied to the surface, to which the formule (52) relate.
The case of a horizontal force, expressed by the formule (55), could be treated in an
exactly similar manner.

Since u, is evidently an odd, and v, an even, function of @, it will be sufficient to
take the case of @ positive.

As regards the horizontal® displacement u,, we consider the integral

_ (L2 = F) — 2/ (8* = 1*) /(L* — M)} dl
{q’ (&) g —j (202 — ) — 4,/(0* — h)%) A‘/((gz — 76)2) e .. (66),

taken round a suitable contour in the plane of the complex variable {, = & - .
If this contour does mnot include either “poles” (4= «, 0), or branch-points”
(4= %, 0), (& %, 0) of the function to be integrated, the result will be zero.

A convenient contour for our purpose is a rectangle, one side of which consists of
the axis of & except for small semicircular indentations surrounding the singular
points specified, whilst the remaining sides are at an infinite distance on the side > 0.
It is easily seen that the parts of the integral due to these infinitely distant sides
will vanish of themselves. If we adopt for the radicals ,/({* — £*) and \/({* — &?),

* The sense in which the terms ¢ horizontal” and “vertical ” are used is indicated in the second
sentence of the Introduction.


http://rsta.royalsocietypublishing.org/

VA\
N
. 0

/

e

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

L\

3

\

N

y i
///

A

a

5

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

14 PROFESSOR HORACE LAMB ON THE PROPAGATION OF

U

Q k K

At
R—

~
o, /ﬂ

-, -, B !
Fig. 1.

at points of the axis of & the consistent system of values indicated in fig. 1,* we
find, for the various parts of the first-mentioned side,

.":w D()dl =17 j':';f(2§2 —_ L;-&;Zaﬁ) e dg i T (2° _];, ](Ci_K)zallgl) o ine ,

| o @ar= [ HEE= TR mRles,

o)dr=1 j:f (28 — LZF(—f )2aB) Grdg . w (26 = 7%2, Z}_{)Q%BI) o

where the terms with ¥/ (— k) and F/ (k) in the denominator are due to the small
semicircles about the points (4 «, 0). Tquating the sum of these expressions to
zero, we find, since F/ (= x) = — ¥’ (),

P riw £ (28 — k;‘_(_f)za'g) dE _ _ oin T cos

“h[2€2 '—‘702 — 2a8 — 28 — k2.+%a'8 ibe ] &
+H A" e S e

= — 2urH cos kx — 4* f 5(252;(75)?@?%” d¢ Coe . (67),

* The function under the integral sign in (66) is uniquely determined (by continuity) within and on
the contour when once the values of the radicals ,/({* — /%) and ,/({* — #%) at some one point are
assigned. The convention implied in the text is that the radicals are both positive at the point (+ <, 0).

It will be noticed that over the portion of the axis of £ between — % and — A the function in (66)
differs from that involved in the value of w as given by (52). This is allowed for in the second member
of (67). Corrections, or rather adjustments, of this kind occur repeatedly in the transformations of this
paper.

t The symbol P is used to distinguish the “ principal value” of an integral (with respect to a real
variable) to which it is prefixed.

p OO
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"TREMORS OVER THE SURFACE OF AN ELASTIC SOLID. 15
where
2k* — k* — 2048 )
H= K( 11 .« « « . . . (68
s (68),

a numerical quantity depending only on the ratio X : .

To examine the value of v, we take the integral

q b._ By/(F — b)) = dL .
[ v(E)dt= j(zgﬂ — B =4,/ -—)h'?’) JCe =g (69)

round the same contour. Integrating along the axis of &€ we find

—k _ R tédvdf =Ky i
[Cw@ar=n] = i T Lot

—n = KPact dE
v = s,

- Bad®df . Ray ..
IRGEES I FE TR

and thence by addition, since the terms due to the infinitely distant parts of the
contour vanish as before,

" BEE ik o [ P

L il

= — 2K cos kx + 23 j Rae dE

E(2€2 — IR ae=i d§
v F(6)SE)

+ 28 | (70),

where

— _ Koy
S R !

Hence if to the principal values of the expressions in (52) we add the system of
free Rayleigh waves,

Q

Uy =1 - Hsin «a, Vo= — 1 QKeoswkr. . . . . (72),

bl
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16 PROFESSOR HORACE LAMB ON THE PROPAGATION OF

which 1s evidently of the type (65), we obtain, on inserting the time-factor
y . > > 5

= Q o 20 [ RERE ) V(1) @ )0

n T (28 =) - 1680 (8 — 1) (I — £)
S Y L VA T el
T A S RE AV (G BVA (Y
Q[ RRE =R E ) et d )
ap e Q8 — )+ 1664 — W) (I — &) * '

This is for « positive ; the corresponding results for « negative would be obtained by
changing the sign of x in the exponentials, and reversing the sign of

The solution thus found is made up of waves travelling outwards, right and left,
from the origin, and so satisfies all the conditions of the question.

The first term in u, gives, on each side, a train of waves travelling unchanged with
the velocity ¢  The second term gives an aggregate of waves travelling with
velocities ranging from b~ to ¢~ Aswis increased, this term diminishes indefinitely,
owing to the more and more rapid fluctuations in the value of ¢,

On the other hand, the part of v, which corresponds to the first term of u, remains
embedded in the first definite integral in (74). To disentangle it we must have
recourse to another treatment of the integral [W ({) d{. One way of doing this is to take
the integral round the pair of contours shown in fig. 2, where a consistent scheme of

VB | ViV ey

I =iV kS || iR ?
I 1
- -/ ;) ¢
....... A A K A g
—~ S Sy ~ ~
&, 3 o,=0 -,-p o, B

Fig. 2.

values to be attributed to the radicals ,/(* — *) and /(8 — #?*) 1s indicated. For
the only parts of the left-hand contour which need be taken into account we find
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TREMORS OVER THE SURFACE OF AN ELASTIC SOLID. 17

’:;‘I’ (C) df = P 4{-—«, ¥ %@(Z)Clé v F,Aéz__ K) e

IRCESII T

[ w@a=] =kt

= (7 =i/ (P Eeidy
¥ @=L ) T

Similarly, in the right-hand contour,

’ 7 /(W 4 n*) e i dy
[y @@= ot T e )

.[ Y (()dl= 39( sz(ég;l C—in F{C/(O:l)ex

We infer, by addition,

—» F(€)

3 it B /(8 + 7) e dy
+ [ it — ot e a6 =2, mr Lanried ) i 70

If we multiply this by — Q/2mu, and add in the term due to the free Rayleigh
waves represented by (72), we obtain, as an equivalent form of (74),

o R Koior=x0 —. 1Q J’h B/ (B — €3) e dg
T s (287 P a8y — ) V(= 8)

4ZQJ sz“ (5:2 — ])/2) \/(]Cz fz> ei(pt—fx) df
ap i (28 — B)t 4 166 (62 — 17) (B — £7)

0o B/ (B + o) e dy ]
"o J (29’ + #)° — 49* (1 + ) /(B +77) (76)

It is evident that all terms after the first diminish indefinitely as @ is increased.

P j Bae® d¢ _ — 27K sin k + 2 j" FPae~**d¢

* From this we can deduce, by the same method as in Art. 4, an expression for the mean rate W at
which a vertical pressure Q cos p¢ does work in generating waves, viz.,

R 2 /8 — £
W = K& p Zwuj (28 )R + 48 Yt - &) V(- &)

4 2 j g2 (€2 - 1) (B — &) dE

e y (72 — £2)

I3 (252 —_ ]0-2)4 + 1654 (52 — h2) (k‘? — gl)
VOL. CCIII.—A, D
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18 PROFESSOR HORACE LAMB ON THE PROPAGATION OF

If in (73) and (76) we regard only the terms which are sensible at a great distance
from the origin, we have, for @ positive,

Uy = — WQ Hert==), vy = — z% Kert=eo (77);

and similarly for « negative we should find

= @Hei"““"), Yy = — i QReperer (78).
e 2

These formule represent a system of free Rayleigh waves, except for the
discontinuity at the origin, where the extraneous force is applied. The vibrations
are elliptic, with horizontal and vertical axes in the ratio of the two numbers
H and K, which are defined by (68) and (71), respectively. To calculate these, we

have, since F (k) = 0, _
S (k) =2 (2% — I*)? = 8a)8,K%,

_— k(212 ]cz)S _ 2k (2% — K2)?
H= e K= W

where, by differentiation of (62),
B2\ 2 / N .
— T () f(x) = 16kﬁx{ <6 —~ 4 k2> PR (1 - 72—2> Zz} .. (80).

and therefore

In the case of incompressibility I find
H ='05921, K = *10890;
whilst on PorssoN’s hypothesis ’
H = 12500, K = ‘18349,

so that the amplitudes are, for the same value of p and for the same applied force,
about double what they are in the case of incompressibility.

A similar treatment applies to the formulee (55), which represent the eftect of a
concentrated horizontal force Pe?. Taking account only of the more important terms,
I find, for x positive,

Uy = P L MWt = BKleip(t-—cx) (s,
. [ “
and, for « negative, ‘
Uy == — Z_E H'eirtren, Vy = - :EK:eip(H-cx) S (82),
wo "
where ‘
H = — kB, — 2B, (262 — ) \
F/ (K) — F/ (K} f\K) [
r (83).
K/»_____K(\ZK B —208) _ B (2 -—/cﬂ J
o B () - KF’
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TREMORS OVER THIE SURFACE OF AN ELASTIC SOLID, 19

The ratio of H’ to K’ is, of course, equal to that of H to K; K’ is, moreover,
identical with H, in conformity with the principle of reciprocity already referred to.
It appears, therefore, from the numerical values of H, K above given, that for A = o

H = 03219, K’ = -05921;
and for A = p '
H' = 08516, K’ = "12500.

Again, in the case of the internal source (56) I find, for large positive values of ,
) ge p
Uy = — 8xHle et g = ixKle™/ePC-=, . . . (84),
and, for large negative values,
uy = 8xH'e™/e? ¢+ p, = BuxK'e~/erCren - (83).

The factor e™/ indicates how the surface effect (at a sufficient distance) varies
with the depth of the source. |

8. If in any of the preceding cases we wish to examine more closely the nature and
magnitude of the residual disturbance, so far as it is manifested at the surface, it is
more convenient to use the system of contours shown in fig. 3. With this system we

7
o'l ee? -o' e’
'75"' I3 AllB !
I ’ I ! "
/S| ]
i
]
:
i
!
’i_—:’./'\ _ (b *—7\———‘ Vo WY o ¥ -
-K -k <h : i ;3 kK £
Fig, 3.

can so adjust matters that the radicals /(> — ) and /({® — %?) shall assume in all

parts of the axis of ¢ exactly the values «, B with which wé are concerned in formulz

such as (52). It is convenient, for brevity, to denote by 4 o, B8’ the values assumed

by the same radicals on the two sides of the lines ¢ = —h, and by «”, 4= 8" their

values on the two sides of the line £ = — £, these values being supposed determined
D 2
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20 PROFESSOR HORACE LAMB ON THE PROPAGATION OF

in accordance with the requirements of continuity. Thus, with the allocation shown
in the figure, we shall have, for small values of 7,

o = — \/(Qh'q)e'%i", B =1/ (k—h? 'L

(86),
Wom B =), B = — o (2hy) e
approximately.
Taking the integral (66) round the several contours, in the directions shown by

the arrows, we find

£(260 — I — 24) o dE _
ap 7 (¢)

[T 2B =B —=2B 2B =B 22" |, .
+ e ( {(2C2—762)2—-4§2a"ﬁ” (ng — ](12)2 + 4€2a/IBf/} Le ™ idn
—ihx ? ZCQ -k — 2“,6, - 2€2 —_k? + 20‘,/8/ -y
+e § {(—22'2 — k2)2 — 4C2a’,3' (2€2 - ]ﬂg)g + 4@“',3’} e ”Ldn s
o e * L2 (202 — I "B Ce™ d
= — 2iwH cos kx 4 41e™" f e = k(Q) €+ 162“? B gehz) (lg =)
k(20 — ) o/ B'le™ dn
(2@ kz)l + 162+ (éz — hz) (kg _ Zz) .

where, in the first integral, { = — % + o, and, in the second, { = — A + .
The integral (69), taken round the same contours, gives
j Ko dE
- F(§)

— 29 H cos kx

+ 4%"”‘””j (87),

k‘) " 162 n”

20— ) — 4L ”,8” (PP 440" B je‘n%d”’l

= 27K sin kw4 e J {

[ k? o — ko —y
Fe jo{(w—#)%—ga'ﬁ’ (2@——702)2-{-&%’,8’}6 vy

. - © kzz 2__] /! —-vw]
= 27K sin k- 8ie™ " ( (262 1;)4(5_ 16{2; 24[3”/12)((2"_.2_;2)

—aT B QF =) e dy
+ 2ie [(%2 160 (C—I) (F=F) (88),

on the same understanding.
The definite integrals in these results can all be expanded in asymptotic forms by
means of the formula

f:nﬁx () e dy = .IL( )) x (0) + 2 ] (f’ XJO) + HA\,(,Q) X';(‘O CoL (89);

and when Awx, and therefore also kwx, is sufficiently large, the first terms in the
expansions will give an adequate approximation,
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TREMORS OVER THE SURFACE OF AN ELASTIC SOLID. 21
Thus, taking account of (86), the last members of (87) and (88) are equivalent to

]ﬂ) o= i+ im

— 2uwH cos kx + 2/(27) /\/<1

?/316’ \/(kz — ]L ) . e—i(lzx+§n)
and . s
. : 26“‘ 2+ 3
27K sin kx — 4,/(27) <1 —_— 19) Ll (kx)

th?, ?:Ei — (hx+}m)

— VO g T Gy

&e.,

respectively. Substituting in (52), and adding in the system (72) as before, we have,
for large positive values of w,

2 /i (pt — kz — i)
SRR R VERVACES R

PR VA ittt ) IR AT :
/\/ Uﬁ-—-th) Tl + &e. . (90),

Y ‘ ¢ ) a2t (pt— kx — }w)
Uy == == ?Q Kei(”""‘”) + ?kgd /\/42 . <1 — vlllz~> . _1’_9._.,__._.*____3
M M T k (k)

Q 2 12k Jei (ot =T = 4m
"o T > ; C o (9

The first terms in these expressions have already been interpreted. The residual
disturbance constitutes a sort of fringe to the cylindrical elastic waves which are
propagated into the interior of the solid, and consists of two parts. In one of these
the wave-velocity p/k, or b1, is that of equivoluminal waves; the vibrations (at the
surface) are elliptic, the ratio of the vertical to the horizontal diameter of the orbit
being 2,/(1 — h*/k?), or 1633 for X = u. The remaining part has the wave-velocity
p/hy or a~!, of irrotational waves; the surface vibrations which it represents
are rectilinear, the ratio of the vertical to the horizontal amplitude being
(k* — 2h*)/2h (B> — B*), or 3535 for X=p. With increasing distance « the
amplitude of each part diminishes as z~% whereas in an unlimited solid the law
1s 7% as appears from (42).

Similar results will obviously hold in the case of the other problems considered in
Art. 5.

9. It has been assumed, up to this stage, that the primary disturbance varies as a
simple-harmonic function of the time. It is proposed now to generalize the law
of variation, and in particular to examine the effect of a single impulse of short
duration. From this the general case can be inferred by superposition.
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22 PROFESSOR HORACE LAMB ON THE PROPAGATION OF

It is to be noticed, in all our formulee, that if we write
E=p0, h=pa, k=pb «=pc,

the symbol p which determines the frequency will disappear, except in the
exponentials; this greatly facilitates the desired generalization by means of
Fourter’s theorem. Thus, in the case of a concentrated vertical pressure ¢ () acting
on the surface, the formule (73) and (74) lead to

M, 2 (R RE—1) SO —a) JP—) o,
wy=—, Qlt—en)=2 ) P —) 160" (P —a®) (b—p?) ~ T 0R) 0 (92),

‘ _-_—L r h? (202 ___ bz)z \/(02 _ 0&2) B
0T T L@ = 1)+ 166* (02— @) (0P —
RPN S BV (k) o

p—” %L (20° = D7) — 46 S (0 = o) (0 — ) Q(t — bx)do . (93).

o8 \Q (t — Ox)do

The definite integrals represent aggregates of waves, of the same general type,
travelling with slownesses ranging from « to b, and from b to oo, respectively.

If we suppose that Q(¢) vanishes for all but small values of ¢, it appears from
(92) that the horizontal disturbance at a distance z begins (as we should expect)
after a time ax, which is the time a wave of expansion would take to travel the
distance ; it lasts till a time bx, which is the time distortional waves would take to
travel the distance ; and then, for a while, ceases.® Finally, about the time cx, comes
a solitary wave of short duration (the same as that of the primary impulse) represented
by the first term of (92). This wave is of unchanging type, whereas the duration
of the preliminary disturbance varies directly as @, and its amplitude (as will be seen
immediately) varies inversely as .

If we put

Q=(Q@d . . .. (o),

the integration extending over the short range for which @Q is sensible, the
preliminary horizontal disturbance will be given by -

= 2Q gt
", 1y = b U<m) Coe e (95},
provr e - :
L0 — 1) S0 — o) (= ) (56)
(200 — b 4 1604 (6° — a?) (b* — o) o ’

U(6) =

where o < 0 < b. The following table gives the values of U (6) for a series of values
of 0/a, on the hypothesis of X =p, or b/a = 1-7321.
* Thls temporary cessation of the horizontal motion ' is special to the case of a normal impulse. If

the impulse be tangential, the contrast between the horizontal and vertical motions, in this respect, is
reversed.
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TREMORS OVER THE SURFACE OF AN ELASTIC SOLID. 23
0/a. U (6). 6/a. U (6). 0/a. U (6). 0/a. U (6).

1-000 0 1-025 + 62777 110 | +-22789 | 1:550 | - -15122
1-001 ++31247 | 1-030 + 59351 1415 | +°-10295 | 1:600 | - -15842
1-002 +-42080 | 1-035 + *55806 1-20 | +-02722 | 1-625 | - 15927
1-003 +-49148 | 1-040 ++52308 1-25 | —-02811 | 1650 | - -15681
1-004 +°54191 | 1-050 + 45741 1-30 | -—-05905 | 1675 | - -14845
1-005 +-57926 | 1-060 + 39889 1-35 | -—-08622 | 1:700 | --12795
1-010 +°66493 | 1-070 + - 34746 140 | —-10771 | 1725 | —-07021
1-015 ++67536 | 1080 + 30238 145 | —-12527 ba 0
1-020 +-65744 | 1-090 + 26279 150 | - 13975 — —

The function has a maximum value 4 ‘67643 when §/o = 1'01368 ; it changes sign
when 0/a = 1'22474 ; and it has a minimum value — ‘159319 when 6/a = 1'62076.%
The graph of this function is shown in the upper part of fig. 4. If the scales be

|
i
i
|
'
|
|

Fig. 4.

properly chosen, the curve will represent the variation of u, with ¢, during the
“preliminary ” disturbance, at any assigned point «. For this purpose the horizontal
scale must vary directly, and the vertical scale inversely, as .

* The calculations were made almost entirely by Mr. H. J. WoopALL, to whom I am much indebted.
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24 PROFESSOR HORACE LAMB ON THE PROPAGATION OF

The interpretation of the expression (93) for the vertical displacement v, is not
quite so simple. For a given value of x, the most important part is that corre-
sponding to ¢ = ¢, or § = ¢, nearly, when the integrand in the second term changes
sign by passing through infinity. This is the epoch of the main shock ; the minor
disturbance which sets in when ¢ = ax leads up continuously to this, and only dies
out gradually after it.

As a first step we may tabulate the function V (0) defined by

B (26° — 12 /(6 — )

V)= — 7\ N T fora < B < D
O == o Z iy 1664 (0 — ) (1 =gy T @ <O <D
’ 3 2 __ 0
e Y b‘/(g 5 0)2 s &, for0>0 . . (97)
(200 — D) — 460* \/(0° — &®) /(P — DY)

8/a. Vv (9). 0/a. V (0). 0/a. V(). 0/a. V (6).
1:000 0 1-025 - +39425 1-10 — +08981 1:550 - +22781
1-001 - 21995 1-030 — 36340 1-15 - 02454 1:600 — +31645
1:002 —+29488 1-035 ~+33293 1-20 - 00218 1-625 - +37299
1-003 — - 34284 1:040 — +30387 1:25 —~ 00193 1:650 — 44110
1-004 - +37630 1:050 — 25142 1-30 — 01508 1:675 - 52493
1:005 - 40039 1:060 — +20681 1-35 - 03796 .| 1-700 — 63087
1-010 — 44907 1-070 — 16932 1-40 — 06941 1:725 - 76935
1:015 — 44543 1-080 - 13795 1:45 — +10989 bja - 81649
1-020 — 42324 1-090 ~ 11173 1-50 ~ 16137 e -

o/a. V (6). 0/a. Vv (6). 0/a. V (0). 0. | V().

bje —0-81649 1-90 +20°38685 2-10 +1:99591 25 + 91464

1:75 -1-39031 1-95 + 5-42335 2+15 +1-69743 3:0 + 60196

1-80 - 298197 200 + 3-31759 2-20 +1-48891 4-0 + 38179

1-85 .~ 8-65843 205 + 2+46398 225 +1:33404 10-0 + 13292

¢la @ — — e — — —
The function has a minimum value — 45120 when 6/a = 101170, and a zero

maximum when 0/a = 1:22474 ; it changes from — o to 4 o when /b = 108767,
or O/a = 1-88389.% Its graph is shown in the lower part of fig. 4, and also (on a
smaller scale, so as to bring in a greater range of §) in fig. 5.

Tt is postulated that the function Q (¢) is sensible only for values of ¢ lying within
a short range on each side of 0; the function Q (¢ — 0x) will therefore be sensible
only for values of @ in the neighbourhood of ¢/z. We will suppose that for given
values of = and ¢ its graph (as a function of #) has some such form as that of the

* As in the case of U (6), the calculations are due chiefly to Mr. WOODALL.”
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TREMORS OVER THE SURFACE OF AN ELASTIC SOLID. 25

dotted curve in fig. 5. If @ be constant, the effect of increasing ¢ will be to cause
this graph to travel uniformly from left to right; and if we imagine that in each of

Vi@

N Qt-6x)

——— e

[

H
A
e

Tig. 5.

its positions the integral of the product of the ordinates of the two curves is taken,
we get a mental picture of the variation of v, as a function of ¢, on a certain scale.

For the greater part of the range of ¢, the integral will be approximately
proportional to the ordinates of the curve V (6), viz., we shall have

o= V<?> L (98,
mube x
in analogy with (95). But for a short range of ¢, in the neighbourhood or cz, the
statement must be modified, the dotted curve being then in the neighbourhood of the
vertical asymptote of the function V (6). Since the principal value of the integral is
to be taken, it is evident that as ¢ approaches the critical epoch and passes it, v, will
sink to a relatively low minimum, and then passing through zero will attain a
correspondingly high maximum, after which it will decrease asymptotically to zero,
the later stages coming again under the formula (98).
Although the above argument gives perhaps the best view of the whole course of
the disturbance, we are not dependent upon it for a knowledge of what takes place
VOL. CCIIL—A. E
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26 PROFESSOR HORACE LAMB ON THE PROPAGATION OF

about the critical epoch cxz. We may proceed, instead, by generalizing the expres-
sions (77).  This introduces, in addition to the given function Q (¢), whose Fourier
expression 1s

1 00 0
Q) ="] I QMeosp@—Ndh . . .. (99),
wJo —w
the related function
NP B A : _ .
Q (t) = WJO dpj—wQ()\) sinp(t=—Ndx . . . . . (100);
viz., we have
, H K A/,
Uy = — P Q(t — cx) + &e., vy ="Q (t — cx) 4 &e. . . (101).
IJ/

It does not appear that the connection between the functions Q (¢) and Q' (¢) has
been specially studied, although it presents itself in more than one department of
mathematical physics. The following cases may be noted as of interest from our
present point of view :

Q(t) = (j tg-qli-T’ Q (1) = ‘3 t2—|t-72 Lo (102);
Q) =5 Q== (103);
Q(t):gfortz<72,l Q [t + 7\

o L Q=" \2':2?> ... (104),

:0f0rt2>72,J

Tt is evident, generally, that if Q be an odd function, Q" will be an even function,
and vice versd.

The values of u, and v, as given by (101), are represented graphically in fig. 6,
tor the case where Q (¢) and Q' (¢) have the forms given in (102).* Moreover, writing

HQ/2mpr = f, KQ/2mpr =g, - cx = rtany,
we have _
wy = — (1 +cos2x) ./, vy=sin2x.g . . . . . (105);

the orbit of a surface-particle is therefore an ellipse with horizontal and vertical semi-
axes f and g. And if from the equilibrium position O we project any other position
P of the particle on to a vertical straight line, the law of P’s motion is that the
projection (R) describes this line with constant velocity. See fig. 7, where the
positive direction of ¥ is supposed to be downwards. |

* The relation between the scales of the ordinates in the graphs of #, and v, depends upon the ratio of
the elastic constants A, p. The figures are constructed on the hypothesis of A=p. .
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Fig. 6.

o R——

A similar treatment would appl y to the formulee (81), and (with some modification)
to (84).

It remains to justify these appr ox1mat10ns by showing that the residual disturbance
tends with increasing « to the limit 0. For this purpose we have recourse to the
formulee of Art. 8. As a sufficient example, take the second term in the last
member of (88). If we multiply by ¢#, take the real part, and substitute » = p¢,
k = pb, the corresponding term in the value of v, as given by (52), assumes the form™

4]

_% cos p (t — bx) j:F () e dep + Q sin p (¢t — bx) J F() e dip,

0

where the functions F (¢) and f(¢), which do not involve p, are of the order ¢! when
¢ is large. If we generalize this expression by Fourier’s Theorem (sée equation (99)),

we obtain, in the case of an impulse @ of short duration,
,Q ’ ? —xdp — b Q ? N =P o —
ks jo F () deb L e cos p (1 = be) dp + L F($)dp | esrsinp (¢ = bo)dp

= Qr apdy L, Q g
= WML F(¢> m2¢2 + (t /)93) j f(q') z(ﬁz_l_ (t ) o e (106).

* The symbols ¢, F, f are here used temporarily in new senses,

E 2
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28 PROFESSOR HORACE LAMB ON . .THE PROPAGATION OF

For any particular phase of the motion, ¢ varies as x, and the expression (106)
therefore varies inversely as @. This confirms, so far, our previous results (95) and
(98). Hence with increasing distance from the origin the disturbance tends to the
limiting form represented by (101). )

Before leaving this part of the subject, it is to be remarked that the peculiar
protracted character of the minor tremor which we have found to precede and follow
the main shock is to some extent special to the two-dimensional form of the question.
It is connected with the fact, dwelt upon by the author in a recent paper,* that even
in an unlimited medium a solitary cylindrical wave, whether of the irrotational or
equivoluminal kind, is not sharply defined in the rear, as it is in front, but is prolonged
in the form of a “tail.” In the three-dimensional problems, to which we are about
to proceed, this cause operates in another way. The internal waves are now
spherical instead of cylindrical, and so far there is no reason to expect a protraction
of a disturbance which in its origin was of finite duration. But at the surface they
manifest themselves as annular waves, and accordingly we shall find clear indications
of the peculiarity of two-dimensional propagation to which reference has been made.
On the whole, however, it appears that the epochs of arrival of irrotational and
equivoluminal waves are relatively more clearly marked and isolated than in the two-
dimensional cases.

PART TII.
THREE-DIMENSIONAL PROBLEMS.

10. Assuming symmetry about the axis of z, we write
m = /(2 4+ y*), w=" q, v=14 qg . . . . (107),
w w

so that ¢ denotes displacement perpendicular to that axis.

A typical solution of the elastic equations, convenient for our purposes, is derived
at once from Art. 3, if we lmagine an infinite number of two-dimensional vibration-
types of the kind specified by (25) and (30) to be arranged uniformly in all azimuths
~about the axis of z, and take the mean. In this way we obtain from (83), with the
necessary change of notation,

go= (iEA — BB). L | ¢tvmm cos v do = — (€A 4 iBB) J, (ém)

m Jo

wy= (= ah —igB) . L | dtwern do = — (aA 4 i€B) J, (¢m)

w

(108).

* Cited on p. 37 post.
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TREMORS OVER THE SURFACE OF AN ELASTIC SOLID. 29
Also, from (40), for the corresponding stresses at the plane z = 0, we have -
[P.ado = {26aA + 10 (26° — I7) Bt (éw)
[Py = p 1(28% = &) A + 206BB} J, (Em) }

Although the above derivation is sufficient for our purpose, it may be worth while

(L09).

to give the direct investigation,® starting from the equations

o2 0% v
P o (H-M) +#V" P =\ +'“) +"V”
aat[:) ()x -+ p,) raj A+ pV2 oo (110)a
where
+ + 2” C oo (1),

In the case of simple-harmonic motion (¢”') these are satisfied by

— i w, 0=y w=2 4
=t ”“ay'""’ w=E4w o (112),

provided
(VP iDb=0 . . . . . . . . . (113),
and ,
(V2 ) =0, (V24 =0, (V24w =0]

au/’ Q@f+gﬂ’_ cooo (114),
ox = Oy - oz

where /1%, £? are defined as before by (28). A particular solution of (114) is

L R s N ) G
"W = awazb v = a?/azﬂ w == a?,l + v >\ . . . . (115).
provided
(V4B x=0 . . . . . . . . . (116).

On the hypothesis of symmetry about Oz we have

2 , 3
CALAL T,

0w’  wdw = 02F

v =

and the formulee (112), (115) are equivalent to

_ 9 4 &% b
g =" +8z58, W= 84~+l o (118

* (. < Proc, Lond, Math. Soc.,” vol. 34, p. 276, for the corresponding statical investigation,
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30 PROFESSOR HORACE LAMB ON THE PROPAGATION OF

It we take, as the typical solution of (113) and (116),
¢ =A™, (éw), x=DBe®J (ém) . . . . . (119),

where &, 8 have the same meanings and are subject to the same convention as in
Art. 3, we have, from (118),

g = (— Ehe™ + EBBe™ ﬁ)J £w) | (120) s
w=(— ale™ + EBe ) J ( r S ’

and thence for the stresses in the p]ane z=10

- dg , ow| _ . oy 12 |
Lfgzw}():p[ai , a;}o_ngaA.-(zg 1) €B} J, () L o
|
J

[pa]y = [m + 2 %"”}0 W28 — ) A — 28°8B} J, (£)

The formulae differ from (108) and (109) only in the substitution of 7¢B for B. The
notation of (119) is adopted as the basis of' the subsequent calculations.
If we are to assume, in place of (119),

b= NeJy(éa), x = Be#J (&m) . . . . . . (122),

the corresponding forms of (120) and (121) would be obtained by affixing accents
to A and B, and changing the signs of a and 8 where they occur explicitly.

11. Asin Art. 4, we begin by applying the preceding formule to the solution of a
known problem, viz., where a given periodic force acts at a point in an unlimited solid.

Let us suppose, in the first place, that an extraneous force of amount Z. J, (=) ¢,
per umt area, acts parallel to z on an infinitely thin stratum coincident with the
plane z = 0. The formule (119) will then apply for z > 0, and (122) for z < 0. The
normal stress will be discontinuous, viz. : ‘

[ pelevo — [P} o= — Z. Jy(&w) . . . . . . (123),

whilst p., 1s continuous. Hence

, . Z
2682 — ) (A — A) —28B(B 4 B) =~
(28 = ) (A = A) = 288 (5 + 1) = — -
20 (A A) = (267 — 1) (B— B) =0 |
Also, the continuity of ¢ and = requires
A—AN—-BB4+B)=0 |
, - . (125).
(A +A)—&(B—B)=0|
We infer
- A= L oy 4
A=—-A = T B=F = 2 (126),
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TREMORS OVER THE SURFACE OF AN ELASTIC SOLID. 31

and therefore, for z > 0,
. Z .
({LJ == é"/ﬁg (fm) X = '2])1& - J (fm) . . . . (127}.
" To pass to the case of a concentrated force Rei, acting parallel to z at the origin,

we have recourse to-the formula (20), where we suppose f(\) to vanish for all but
infinitesimal values of X, and to become infinite for these in such a way that '

| f)2mar =R
We therefore write Z R¢ df/Zvr a,nd integrate with respect to & from 0 to oo .*

We thus find, for z > 0,

B | emed, () £t Xzzﬁgﬁyf:?; o(€)EdE. . (128),

dapp

b =

which are equivalent, by (18), to

R a e—:/’zr R 6"‘1767‘

¢ = T dmppoz 0 XT dap®p 7 (129).
This will be found to agree with the known solution of the problem.T If we retain

~only the terms which are most important at a great distance », we find, from (118),

) _E{ 1 A it 1w e—ikr} )
]_477 A4 2u oopo0d i

L
i
~2 2
W = R { 1 ,4.‘ e"’i/”' + _,1. ?ro e“ﬂ”‘} l
4 ‘)\ + 21“ ,‘)‘3 o 7 J

(130).

Inserting the time-factor, the radial displacement is

Z?,»L’_-r!- l R ,_:L ip (L~ ar) 3
r T dm (%) ¢ Co o (138D,

and the transverse displacement in the meridian plane is

wW — 29 _ R T int=h)

” 4:7rp 7 (1 32)'

Returning to the exact formulse (128), the expression for the velocity parallel to z
at the plane z = 0 is found to be

ow __ 1Re?

o= (e )Mz ()

* A more rigorous procedure would be to suppose in the first instance that the force R is uniformly
distributed over a circular area of radius e, using the formula (22). If in the end we make « = 0, we
obtain the results in the text. '

¥ StokEes, ¢ Camb. Trans.,” vol. 9 (1849); ¢ Mathematical and Physical Papers,” vol. 2, p. 278.
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or, taking the real part,

aw { [*
ot dmpp L (kQ

Jo(Ew) dé + | ;‘g (2 = )T, (¢m) df} cos pt
+t‘ermsin‘sinpt. Coe e (134).

The terms in cos p¢ remain finite when we put = = 0;* and the mean rate W at
which a force R cos pt does work in generating waves is thus found to be

= 8§;P {Y \/(g Cf_érz) + YLf V(P = &) df}

v .3 3 _¥B’ 3 3
24pr - (28 + 1) ﬂ_p(a +20%) . . . . . . (185),

a and b denoting as before the two elastic wave-slownesses. The result (135) can be

deduced, as a particular case, from formulse given by Lord KeLvin.t
12. Proceeding to the case of a semi-infinite solid occupying (say) the region z> 0,
we begin with the special distribution of surface-stress :

[pehh=2.J(w), [P =0. . . . . . . (136).

The coefficients A, B in (119) are now determined by

(262 — ) A — 28268 = %

(137),
20A — (26* - ) B =0
whence
28 =k Z Q0 Z
A= 2D B=" 20 00 0L (188),
F(&) w F() & (138)

the function F (¢) having the same meaning as in Art. 5. The corresponding
* surface-displacements are

_ £ = —2aB) o Z)
= F (£) T
, S L. (189).
. Ke =) . 4
m= ey @) ]

This result might have been deduced immediately from (51) in the manner indicated
at the beginning of Art. 10.

* The terms in sin p¢ become infinite. If the force R be distributed over a circular area, the awkwardness
is avoided. A factor

J1 (€a)

is thus introduced under the integral signs in the first line of (135), where a denotes (for the moment) the
radius of the circle. Finally, we can make ¢ infinitely small.
t ¢Phil. Mag.,” Aug. 1899, pp. 234, 235.
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TREMORS OVER THE SURFACK OF AN ELASTIC SOLID. 33
It we put Z = 0 in (137) we get a system of free annular surface-waves, in which

o= — k(26> = k* — 20,8)) . J, (kw) . Ce?!
(140),
wy = Koy . J (kw) . Ce!

where « is the positive root of ¥ (€) =0, and a,, B, are the corresponding values of
a, B.  These are of the nature of “ standing ” waves.

To pass to the case of a concentrated vertical pressure Re? at O,% we put in
accordance with (20), Z = — RE&E/2m, and integrate from 0 to owo.f The formule
(139) become

o= N (TEE8 — B — 208) 76
D= om fo F (&) Jy (ém) d€ | .
— B[R . | :
Wy = 277’# J’O F ({;) JO (gw) df ,J
Again, the case of an internal source of the type
g ~thr .
= x=0. . . . . . . . . (142),

where 7 denotes distance from the point (0, 0, f), can be solved by a process similar
to that of Art. 5. TFirst, superposing an equal source at (0, 0, — f), distance from
which is denoted by 7', we have

e~ il e~ ihr'

¢’= . ~}- 7,)./“’ X::O e e e (143};

and therefore, by (18), in the neighbourhood of the plane z = 0,

® e a(zhS © oz — . .
b= T Gy g [ O 0 ()
0 o o &

=2 .99‘?‘538?6—@110(55;)545 R PP
Y0
This makes 1
Bw=—2] T U(Em)EdE wme=0 . . . . . (145),
Jo [22

* This may be regarded as the kinetic analogue of BoussiNEsQ’s well-known statical problem.

T It might appear at first sight that a simpler procedure would be possible, and that the effect of a
pressure concentrated at a point might be inferred by superposing lines of pressure (through O) uniformly
in all azimuths, and using the results of § 7. It is easily seen, however, that such a distribution of lines
of pressure is equivalent to a pressure-intensity varying inversely as the distance (w) from O. This is
not an adequate representation of a localized pressure, since it makes the total pressure on a circular
area having its centre at O increase indefinitely with the radius of the circle,

VOL. COCTIT.-—A, i
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and

" (28— 1) .
[pealy =0, [ ey = 2w fo('g‘a~»-»‘—)ew T (Em)EdE. . . (146).

The additions to (143) which are required in order to annul the stresses on the
plane z = 0 are accordingly found by writing
26 — )
7= —opu. 2t o=t £
23

in (139), and then integrating with respect to & from 0 to . In this way we
obtain, finally,

IRER :
p=1] ..Ff(g o1 T, (éw) dE 1
BE (28 — ) S (147,
: O kE(2E° — ) ., !
wy, = — 2 . eI (Ew) dE ]
0 jﬂ F (5) ()( ) J
In a similar manner, with the help of Art. 11, we might calculate the effect of a
periodic vertical force, acting at an internal point.
13. For the sake of comparison with our previous two-dimensional formule, it is
convenient to write, from (2) and (6),

J() (fﬁb‘) T :;- ‘,; (Gi:éw coshw (3“";%” cosh u) (hb WL

(148).
: . 1 - yidar cosh 7 —iéw cosh u
J (w) = — - j() (e + e ) cosh u duJ
The formulee (141) are thus equivalent to
® I 2 2 69 — s . o
qp = — R}—j cosh v du g & (287 V](Q - 203) ¢/tw cosh e (.l{;W
h 27 Jo Jxn I (&) 4
(149).
/I:BJ jﬂo jw kﬁé‘_‘a iéarcosh v ] & l
Wy = = | du =t dé
0 277"'(1, 0 —o ]:‘ (f) J

These results are closely comparable with (52), and our previous methods of treat-
ment will apply. Tt is, however, unnecessary to go through all the details of the
work, since the definite integrals with rvespect to & which appear in (149) can be
derived from those in (52) by performing the operation —4d/dz upon the latter, and
then replacing « by = cosh w.

Thus, from (67) and (70) we derive

P r & (2¢7 ;(k;)_ 208) gifmesh e (1 & — 27 H sin (kzs cosh w)
- 9 (% 52 (‘Zé‘:z - ]GZ) OCB —iéwceosh u J & s

ak2 | S zs e e . (150),

T4 e @) (190)
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TREMORS OVER THE SURFACE OF AN ELASTIC SOLID. 35

? 'ZC ga iéwr cosh o | Z]C —zé‘w coshw l
P Ln. F (€) e d€ = 27xK sin (kw cosh v) — 2F*P j P (5) d¢

9 2
o [(EC8 =BV e e 151,

e rie 1ol
where H and K are the numerical quantities defined by (68) and (71). Substituting
in (149) we have

17 ‘1. L €2 (e ",;2 e )
P = — "V H K, (kw) + RJ ERE=P By eyag | (152),
h

o el F@7(6)

R 17 o .
o qu ¥ (e) D, (éw) dé

z]csz £(28 — ) a
» F(6)S(€)
where the notation ot the various Brsser’'s Functions is as in Avt. 2
Superposing the system of free waves in which
w="® H.J (@) w,= “5 Ky (kw). ... (154),
2p 2

P, = 2;}1{ KLy (kw) —

. D, (éw) dé . . (153),
T

we obtain, finally, on inserting the time-factor,

gy = =5 Dy () e R ECERNBD (g enag. . (155),

o MG

R éa D . iBR [ E(28 — 1PV a ‘
w, — il of k oipt . .
= = o B, ey Dutbm) et = GG T D e ae - (1sg
Since these expressions are made up entirely of diverging waves, they constitute
the complete solution of the problem where a periodic normal force Re# is applied to
the surface at the origin.

An alternative form of (156), which puts in evidence that part of the vertical
disturbance which is most important at a great distance from the origin, is obtained
trom (75). Attending only to the “singular” term, we find

Tk cosh « .
P J_% F (%‘) etreott ¢ = — 2imkK . cos (kwcoshw) + &e. . . (157),

and therefore, from (149),
P, = f‘;‘. K. K, (kw)+&e . . . . . . . (158)
1
Adding in the system (154) we have altogether

xR

2u

K 1\

@=— - H.D (km)e? 4 &c., wy="".K.D,(km)e" + &e. (159).
2u

F 2
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36 PROFESSOR HORACE LAMB ON THE PROPAGATION OF

Hence, by (7), we have, at a great distance w,

L s ) )
(]0 e KB 1_1 M . )z(pt--xw——;n), , e K]:" K /\/ ()z(pt rw—~1r) (l()O)
TKT TKG

This may be compared with (77). The vibrations ave elliptic, with the same ratio of
horizontal and vertical diameters as in the case of two dimensions; but the ampli-
tude diminishes with increasing distance according to the usual law w7* of annular
divergence.

In the same manner we obtaln, in the case of an internal source of the type (142),

o = — 4776 i3, ¢’ D, (kw) e 4 &e., -]
) (161)
wy = ZWI&KEQ’ZZ:)_ 1) e Dy (k) e+ &e

where the factor e’ shows the effect of the depth of the source.

The expressions for the residual disturbance might be derived from the formulse
of Art. 8 by the same artifice. Without attemapting to give the complete results,
which would be somewhat complicated, 1t may be sufficient to ascertain their general
form, and order of magnitude, when /w and k= arve large. To take, for example, the
parts due to the distortional waves, if we perform the operation — ¢9/0x on the
second terms of the unnumbered expressions which occur between equations (89)
and (90), above, and then replace @ by = cosh v, the more important part of the
result in each case is

e ety /(fay cosh w)*?,

multiplied by a constant factor. This result is to be substituted for the definite
integrals with respect to & which occur in (149); the corresponding terms in
o and w, are therefore of the types

L J Cetmettdu 4 b Jm ete et dy

(kz)ilo (cosh w)t 7 ° (k) Jo  (cosh w)!

vespectively. By the method by which the asymptotic expansion (7) of the
function Dy ({) is obtained, it may be shown, again, that these terms are ultimately
comparable with

e'i]/ (tm()w)/(lcm)iz,

where the time-factor has been restored. In the same way, the terms in ¢, and w,
which correspond to the expansional waves are ultimately comparable with

@ (),

The attenuation with increasing distance is much more rapid than in the case of the
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TREMORS OVER THE SURFACE OF AN ELASTIC SOLID. 37

annular Rayleigh waves, so that the latter ultimately predominate.* It is also
much more rapid than in the case of elastic waves diverging from a centre in an
unlimited medium, where the amplitude varies inversely as the distance.

14. The generalization of the preceding results, so as to apply to an arbitravy
time-variation of the source, follows much the same course as in Art. 9. The full
interpretation is however more difficult, so far at least as regards the minor tremors.

The main part of the disturbance, in the case of a local vertical pressure applied to
the surface, is obtained by generalizing the formulse (159). These may be written

_HLR o

@0
qo v (0 egfp (t—cws cosh w) du +&C-7 wO —

K Re 0 (7
T 7 op 0w

o eé,; (t—cw cosh w) du &C. 102 .
T o ob [ 0 + (162)
Hence, corresponding to an arbitrary pressure R (¢), we have

o ="— ; j R (t—cw cosh w) du+&e., wo____Iic ij’ R (t—cw cosh v) du—+&e. (163),
0 m 0t Jo

R‘(t)_—_-Al—[odpjiw}i{()\)sinp(t-—)\)d)\. L. (164

The character of the function of ¢ represented by the first definite integral in (163)
has been examined by the authori for various simple forms of R (¢), and a similar
treatment applies to the second integral. For example, if we take
_ R 7 R ot
R(t)_'h' 7Tt2+72

a4 R @) =

(165),

it 1s found, on putting
t — ¢ = 7 tan x.§

that for values of = large compared with 7/¢, and for moderate values of ,

[ R (t — ¢w cosh u) du = R /\/ <2T> oos (37 — bx) V/(cos x) . (166)],
0

2T Cw

jﬂr[{\ (t = cm cosh ) du = — R /\/GT«) sin (37 — $x) /(cos x). (167),

2T cw
approximately. Substituting in (163), we have, ignoring the residual terms,
qw=—fﬁn&ﬂ—%wmﬁx}

wy = ¢ cos (§m — $x) costy

(168),

ES

Cf. the footnote on p. 2 wnte.
“On Wave-Propagation in Two Dimensions,” ¢ Proc. Lond. Math. Soc.,” vol. 35, p. 141 (1902).

{ Cf. Equation (36) of the paper cited. It may be noticed that the functions on the right hand of (166)
and (167) are interchanged, with a change of sign, when we reverse the sign of x.

—

§ The symbol x is no longer required in the sense of equations (115), &e.
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1= e V() 9= K e V)

The following numerical table is devived from one given on p. 155 of the paper

where

referred to —

2x /. (t—ew)/T. ) qof/. Wol(. i
-9 -6-314 — 014 - -060
-8 -3-078 - 078 - 153
-7 ~1-963 - 199 - 233
-6 -1:376 - 365 — +9265%
) ~1-000 - 549 — 298
-4 - T — 719 — 114
-3 - 510 - 838 + 066
-2 - =325 — - 882% + 287
-1 - -1588 -~ 837 + 513
0 0 - 707 + 707
+ -1 + -1568 - b513 + -837
+ 2 4+ 325 — 9287 + - 882%
+ 3 + +blC - 066 + 838
+ 4 + 727 + 114 + 719
+H +1-000 + 1228 + 549
+ 6 +1-376 + +265% + * 365
b +1-963 + 233 + 199
+ 8 +3:078 + 153 +-078
+9 +6-314 + 060 + 014

* i‘:;.t‘}l;nle%. R
The graphs of g, and w, as functions of #, in the neighbourhood of the critical
epoch ¢w, are shown in fig. 8, which may be compared with fig. 6.7 The corresponding
orbit of a surface particle is traced in fig. 9, where the positive direction of z is
downwards ; it may be derived by a homogeneous strain from a portion of the curve
whose polar equation is
" = at cos §(0 — 3u).

The amplitude of this part of the disturbance diminishes, with increasing distance
from the source, according to the law &%,

Complete expressions for the disturbance are obtained by generalizing (155) and
(156). They may be written

j R (¢ — cmoosh u) du — — rU(e)

a -
= R(t — 0w coshu) du . df  (169),

am' v 0

1™ o (" s
ng‘quj 6V(6)'8tjoh(t O coshu) duw. df . . . (170),

a

w, =

where U (#) and V () are the functions defined and tabulated in Art. 9.

t See the footnote on p. 26 ante.
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The method applied in that Article to obtain a general view of the whole progress
of the vertical displacement at any point might be employed again here, the upper and
lower curves in fig. 4 being combined with auxiliary movable graphs of

0 f R(t — 0wcoshu) du and 6 6 { R (t — b= cosh u) du,
8‘51' 0 ()t Jo
considered as functions of §. In the case of a primary impulse of the type (165), both
graphs would have somewhat the form of the lower curve in fig. 8, the functions being
practically (except for a constant factor) of the type
9 sin (17 — 3x) cosiy, where x = tan™ = 65’»,

Jw r

in the more important part of the range. Both graphs, if drawn to the scale of
fig. 4 or 5, would be excessively contracted horizontally when we are concerned with
values of = large compared with 7/¢,. Owing to the compensation between positive
and negative ordinates in the auxiliary graphs, it is plain that the disturbance
expressed by the f-integrals in (169) and (170) will be relatively very small except
when ¢/= has values 6 for which the gradient of U (0) or V (6) is considerable. As
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40 PROFESSOR HORACE LAMB ON THE PROPAGATION OF

regards the horizontal displacement ¢, the minor tremor will consist of a single
to-and-fro oscillation about the epoch aw, followed after an interval by a somewhat
similar oscillation about the epoch bw, with almost complete quiescence between. As
regards the vertical displacement, there will be a to-and-fro oscillation about the epoch
aw, then a period of comparative quiescence, and finally a gradually inereasing
negative displacement (with a slight irregularity at the epoch bew) leading up to the
main shock, after which there is a gradually decreasing positive displacement.

The expression for the horizontal displacement ¢, may be treated in a different
manner. Transforming (169) we have

S _..,‘(?- i raaaa —— ‘ 1’ 1 ———

9'0 P L R (t cw cosh u) df(,{, -42?{« ,‘a oU (9)8 ; je R (5 em OOSh 'M) OZ’IL. df
— A,l» . et
= p L R (t ¢ cosh u) du

2 b ®
+ § 1007 (6) + U (8)}. | R(t = b coshu) du.d0 . (171).

A rough sketch of the graph of 6U’ (6) 4 U () is easily made, and the function
{ R (¢ — 0w cosh u) du
40

is, in such a case as (165), one-signed, but its integral with respect to ¢ does not
converge when the lower limit is large and negative. The method therefore fails to

e _, f

Wy,

T S S

Fig. 10.
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TREMORS OVER THE SURFACE OF AN ELASTIC SOLID. 41

give us a convenient view of the progress of ¢, as a function of ¢. The difficulty is
due to the peculiarities of annular propagation to which reference has already been
made. ‘

In fig. 10 an attempt, based on the former method, is made to represent (very
roughly) the whole progress of the horizontal and vertical displacements due to a
single impulse of the type (165) at a distance large compared with 7/c.

SUMMARY.

We may now briefly review the principal results of the foregoing investigation, so
far as they may be expected to throw light on the propagation of seismic tremors
over the surface of the earth.

It has been necessary to idealize this problem in various ways in order to render it
amenable to calculation. In the first place, the material is taken to be compact and
homogeneous, to have, in fact, the properties of the “isotropic elastic solid” of
theory. Moreover, the curvature of the surface is neglected. Again, instead of a
disturbance originating at an internal point, we study chiefly the case of an impulse
applied vertically to the surface. Under these conditions the disturbance spreads
over the surface in the form of a symmetrical annular wave-system. The initial form
of this system will depend on the history of the primitive impulse, but if this be of
limited duration, the system gradually develops a characteristic form, marked by
three salient features travelling with the velocities proper to irrotational, equi-
voluminal, and Rayleigh waves, respectively. As the wave-system, thus established,
passes any point of the surface, the horizontal displacement shows first of all a single
well-marked oscillation followed by a period of comparative quiescence, and then
another oscillation corresponding to the epoch of arrival of equivoluminal waves.
The whole of this stage constitutes what we have called the

[13

minor tremor”; it 1s,
of course, more and more protracted the greater the distance from the source, and
its amplitude continually diminishes, not only absolutely but also relatively to that
of the “main shock,” which we identify with the arrival of the Rayleigh wave. It may
be remarked that the history of the minor tremor depends chiefly on the teme-
wntegral of the primitive impulse; the main shock, on the other hand, follows the
time-scale of the primitive impulse, and is affected by every feature of the latter.*

Similar statements apply to the wertical displacement, except that the minor
tremor leads up more gradually to the main shock, being interrupted, however, by a
sort of jerk at the epoch of arrival of equivoluminal waves.

The history of the horizontal and vertical displacements, about the epoch of the
main shock, in the case of a typical impulse of the type (165), is shown in fig. 8

* Qbservational evidence in favour of the existence of the three critical epochs in an earthquake
disturbance has been collected and discussed by R. D. OrpmaMm, “On the Propagation of Harthquake
Motion to Great Distances,” ¢ Phil. Trans.,” A, 1900, vol. 194, p. 135.

VOL. CCIIIL.—A. G
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42 PROFESSOR HORACE LAMB ON THE PROPAGATION OF TREMORS, ETC.

whilst fig. 9 shows the corresponding orbit of a surface-particle. In fig. 10 a sketch
1s attempted of the whole progress of the disturbance.

These results are of a fairly definite character, but they are based, as has been said,
on purely ideal assumptions, and it remains to inquire how far they are likely to be
modified by the actual conditions of the earth. The substitution of an internal source
for a surface impulse will clearly not affect the general character of the results at a
distance great compared with the depth of the source, although differences of detail
in the wave-profile at the critical epochs will occur, and we can no longer assume that
the disturbance is the same in all vertical planes through the source. Again, the
chief qualitative difference introduced by the curvature of the earth will be that
the minor tremor, whose main features are evidently associated with the outerop of
spherical elastic waves at the surface, will be propagated directly through the earth,
so that the first two epochs will (at distances comparable with the radius) be
accelerated relatively to the main shock,® which being due to the Rayleigh waves
will travel, with the velocity proper to these, over the surfuce.t

It is a more difficult matter to estimate the nature and extent of the modifications
produced by heterogeneity. It is, perhaps, possible to exaggerate these, for the
qualitative effect of a gradual charge of elastic properties would not be serious, and
even considerable discontinuities would have little influence if their scale were small
compared with the wave-lengthf of the primitive impulse. A covering of loose
material over the solid rock probably causes only local, though highly irregular,
modifications, with some dissipation of energy.

It must be acknowledged that our theoretical curves differ widely in two respects
from the records of seismographs. In the first place, they show nothing corresponding
to the long successions of to-and-fro vibrations which are characteristic of the latter.
It would appear that such indications, so far as they are real and not instrumental,
are to be ascribed to a succession of primitive shocks, in itself probable enough.
Again, the theory gives vertical and horizontal movements of the same order of
magnitude, and in the case of the Rayleigh waves, at all events, where a definite
comparison can be made, the vertical amplitude is distinctly the greater. The
observations, on the other hand, make out the vertical motion to be relatively small.
The difficulty must occur on almost any conceivable theory, and appears indeed to be
clearly recognised by seismologists, who are accordingly themselves disposed to
question the competence of their instruments in this respect.

* Of. R. D. OupuAM, loc. cif.
1 The theory of free Rayleigh waves on a spherical surface is known ; see Professor BRomwicH, loc. cit.
} This term is used in the same general sense in which in hydrodynamics we speak of the “length” of

-a solitary wave travelling along a canal. There is no question, in the present connection, of anything
-analogous to “oscillatory waves.”
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